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Abstract. Gravity is an open source, scalable, memory efficient mod-
eling language for solving mathematical models in Optimization and Ma-
chine Learning. It exploits structure to reduce function evaluation time
including Jacobian and Hessian computation. Gravity is implemented
in c++ with a flexible interface allowing the user to specify the numer-
ical accuracy of variables and parameters. It is also designed to han-
dle iterative model solving, convexity detection, distributed algorithms,
and constraint generation approaches. When compared to state-of-the-
art modeling languages such as JuMP, Gravity is 5 times faster in terms
of function evaluation and up to 60 times more memory efficient. It also
dominates commercial languages such as Ampl on structured models in-
cluding quadratically-constrained and polynomial programs. This short
paper serves as a quick introduction to the language, presenting its main
features along with some preliminary results, an extended version of the
work is in progress.

1 Introduction

While modeling languages play a critical role across all scientific areas, they
constitute a key stone in Computer Science and Applied Mathematics. Model-
ing tools are ubiquitous to fields like Constraint Programming (CP), Artificial
Intelligence (AI) and Operations Research (OR). A non-exhaustive list of ex-
isting modeling languages include Ampl [1], JuMP [2], Gams [3], AIMMS [4],
CasADI [5], Pyomo [6,7], and Minizinc [8]. With increasingly large data inputs
and the desire to model complex nonlinear functions, the efficiency of modeling
tools is becoming critical for the implementation of scalable solution algorithms.
This is especially true for Machine Learning (ML) applications dealing with large
data sets and nonlinear learning functions. Note that tools like TensorFlow[9]
and Theano[10] are highly specialized modeling languages in that area. Modern
mathematical modeling languages have to comply to a new set of requirements.
These include the ability to efficiently solve multiple replica of the same model,
to implement lazy constraint generation, to automatically detect convexity, to
change numerical precision of variables and parameters, to parallelize subprob-
lem solving, and to handle large data sets, just to name a few. Gravity is
designed with these requirements in mind.



2 Design Choices

Gravity’s efficiency in speed and memory can mainly be attributed to its de-
sign choices. These choices are based on exploiting structure. Structure is what
differentiate a Linear Program (LP) from a Quadratic Program (QP) from a gen-
eral Nonlinear Program (NLP). Problems solved by scientists and practitioners
will inherently have structure, and exploiting it is key. It is not necessary to
build an expression tree of your model if the constraints and the objective have
a predefined structure, e.g., are linear, quadratic or polynomial.

Template Constraints. Structure can also be exploited by considering the
fact that most mathematical formulations have a small set of “template” con-
straints, i.e., an abstract/symbolic representation of the constraint where only
variables and parameters’ indices change.

Flexible Numerical Precision. Being able to dynamically select the nu-
merical precision of variables, parameters and functions is another critical design
choice made in Gravity.

Model Readability. Readability of the models was also a main driver during
the design process. Examples presented in subsequent sections will reveal the
effort put into making the formulations as user-friendly as possible.

Efficiency. Gravity is implemented in c++, allowing for a flexible memory
management and various code optimization under the hood.

3 Building Blocks for Mathematical Models

3.1 Constants, Parameters and Variables

All classes inherit from the primitive constant class. The type and the numerical
precision of a constant can be dynamically set by the user. Currently supported
types are presented in Code Block 1.

Code Block 1 Declaring Constants in Gravity

1 #include <gravity/solver.h>

2 using namespace gravity;

3 constant<> cd; /* Default type is double */

4 constant<bool> cb; /* Binary constant */

5 constant<short> cs; /* Integer constant with short precision */

6 constant<int> ci; /* integer constant */

7 constant<float> cf; /* Real constant with float precision */

8 constant<double> cd; /* Real constant with double precision */

9 constant<long double> cld; /* Real constant with long double precision */

Parameters are used to represent named constants, i.e., input data that is
assigned a name and a set of values. The same types presented in Code Block 1



apply for parameters. Code Block 2 presents examples on declaring different
parameters and assigning corresponding values. Finally, Code Block 3 illustrates

Code Block 2 Declaring Parameters in Gravity

1 param<int> p("int_p"); /* Integer constant */

2 p(1) = 0; /* Indexing can also be done using string indices */

3 p(5) = 1;

4 p.print();/* Will print: int_p = [ (1=0) (5=1) ];*/

the declaration of variables, which are treated as bounded parameters.

Code Block 3 Declaring Variables in Gravity

1 var<> x("x", -0.1, 3.5); /* Default type is double */

2 x(0).print(); /* Will print: x[0] in [ -0.1, 3.5]; */

3

4 param<int> lb("lb"), ub("ub");

5 lb("bus1") = -1;

6 ub("bus1") = 2;

7 var<int> y("y", lb, ub);

8 y("bus1").print(); /* Will print: y[bus1] in [ -1, 2]; */

3.2 Functions and Constraints

In order to exploit structure, the building blocks of a function are split into four
different parts. A function has a linear part, a quadratic part, a polynomial part,
and an expression tree as depicted in equation 1.

f(x) = aTx + xTQx + P (x) + E(x), (1)

where aT denotes the transpose of the coefficient vector appearing in the linear
part, Q represents the quadratic coefficients matrix, P denotes the polynomial
part and E represents the expression tree gathering the remaining nonlinear
terms in f . E(x) can represent either unary or binary expressions, unary op-
erators currently supported in Gravity include exp, log, sqrt, sin, and cos. Bi-
nary operators include multiplication, addition, subtraction, division and power.
Depending on the function type, the corresponding part will be populated. A
constraint is a function with a right-hand-side and an operator that can take
values from ≤,≥ and =. Constraint examples are given in Code Block 4.



Code Block 4 Declaring Constraints in Gravity

1 Constraint cstr1("cstr1");

2 cstr1 += power(x,4) - power(y, 2) + p*x*y + 2*x;

3 cstr1 <= 2;

4 cstr1.print(); /* Will print: cstr1 : x^4 + (int_p)y*x - y^2 + 2x <= 2; */

5 Constraint cstr2("cstr2");

6 cstr2 += cos(p*x) + expo(2*y);

7 cstr2 = 2;

8 cstr2.print(); /* Will print: cstr2 : cos((int_p)x) + exp(2y) = 2; */

3.3 Convexity Detection

Gravity has built-in detection procedures for convexity preserving operations
and implements a set of sufficient conditions for checking function’s convexity.
Code Block 5 illustrates this feature on a quadratic constraint.

Code Block 5 Convexity Detection

1 param<int> a("a");

2 a(0) = -1;

3 a(5) = -3;

4 a.print(); /* Will print a = [ (0=-1) (5=-3) ]; */

5 auto f = a*power(x,2); /* f is a template constraint with two indices:

6 0 and 5. */

7 f.print(); /* Will print: Concave function: f(x) = (a)x^2, Gravity

8 detects that all instances of "a" are negative. */

9 f *= a;

10 f.print(); /* Will print: Convex function: f(x) = (a^2)x^2 */

3.4 Abstract Models: Template Constraints

Template constraints can help reduce computational time for operations that
only require the symbolic structure of underlying functions, e.g., computing
derivatives and detecting convexity. Code Block 6 showcases template constraints
and the way Gravity handles their indexing.

Graph aware. Note that Gravity has an underlying graph implementation
and indexing can be done on nodes, edges, and node pairs (pairs of nodes joined
by one or more edges) of the graph as shown in Code Block 6. Some useful
graph algorithms such as tree decomposition and cycle basis computation are
also implemented in Gravity.



Code Block 6 Template Constraints in Gravity

1 var<> x("x"), y("y"), z("z",pos_); /* x and y are unbounded real variables,

2 z is a non-negative real variable */

3 /* Second-order cone constraints */

4 Constraint SOC("SOC");

5 SOC = power(x, 2) + power(y, 2) - z.from()*z.to() ;

6 SOC.in(node_pairs) <= 0;

7 SOC.print(); /* Will print: SOC : x.in_index_pair^2 + y.in_index_pair^2

8 - z.to_index_pair*z.from_index_pair <= 0; */

3.5 Models and Solvers

A model is a collection of variables, constraints and an objective function. Popu-
lating a model can be done by invoking the function presented in Code Block 7.

Code Block 7 Model Declaration

1 Model SOCP("Second-Order Cone Program");

2 SOCP.add_var(x^10); /* Adding a variable vector of size 10 */

3 SOCP.add_constraint(SOC.in(node_pairs) <= 0); /* Adding second-order

4 constraints indexed by node_pairs (see previous Code Block) */

5 SOCP.min(x*y - 2*y); /* Declaring the objective function */

Gravity currently links to a small number of solvers including Cplex [11],
Gurobi [12], Ipopt[13], Bonmin[14] and Mosek [15]. We plan to support more
solvers such as Scip [16], XpressMP [17], Couenne [18] and SAT solvers such
as Minisat [19] in the near future. The way to invoke a solver is illustrated in
Code Block 8.

Code Block 8 Invoking Solvers

1 if (use_cplex) {

2 solver SCOPF_CPX(SOCP, cplex);

3 SCOPF_CPX.run(output = 0, relax = false, tol = 1e-6);

4 }

5 else {

6 solver SCOPF(SOCP,ipopt);

7 SCOPF.run(output = 0, relax = false, tol = 1e-6, "ma27", mehrotra = "no");

8 }



4 Symbolic vs. Automatic Differentiation

Automatic Differentiation (AD) has numerous benefits, including the ability
to compute derivative for non-mathematical structures, e.g., computer code.
There is an extensive literature on the subject, we only provide a few references
herein [20,21,22,23,24]. However, the common belief that AD outperforms Sym-
bolic Differentiation (SD) (see [23,25]) on mathematical models is inaccurate.
Let us emphasize that AD is currently the norm in all state-of-the-art math-
ematical modeling tools including ML frameworks such as Theano [10] and
TensorFlow [9]. In this work, we oppose the common belief, showing that SD
can dominate AD when exploiting structure and using template constraints. By
avoiding redundant storage of symbolic nonlinear expressions, our SD outper-
forms state-of-the-art AD implementations (e.g., [2], which uses graph coloring
methods for exploiting sparsity of the Hessian matrix). The former approach is
also better from a memory consumption point of view, as will be highlighted in
the numerical experiments section.

5 Numerical Experiments

Numerical experiments were conducted on HPE ProLiant XL170r servers fea-
turing two Intel2.10 GHz 16 Core CPUs and 128 GB of memory. Ipopt v3.12
[13] compiled with HSL [26] was used for solving Nonlinear Programs. In the
results tables, “mem.” indicates that available memory was exceeded for the
corresponding instance.

5.1 AC Optimal Power Flow

The Alternating Current Optimal Power Flow (ACOPF) Problem is a funda-
mental building block in Power Systems Optimization. The problem admits
two nonconvex NLP formulations, one known as the polar formulation (fea-
turing trigonometric functions) and one known as the rectangular formulation
(quadratically-constrained). A comprehensive description of the two formula-
tions can be found in [27]. Figure 1 is a performance profile illustrating per-
centage of instances solved as a function of time. The figure compares Gravity,
JuMP and Ampl’s NL interface (used by Ampl and Pyomo) on all standard in-
stances found in the pglib benchmark library [28]. The recorded time corresponds
to the wall-clock time spent inside Ipopt. Figure 1 indicates that Gravity out-
performs both JuMP and Ampl’s NL interface on all instances, with speed
improvements up to 300%. Let us emphasize that, for this problem, half of the
computational time is dedicated to function evaluation (including Jacobian and
Hessian). While we observe a factor 3 improvement in the total run time, the
underlying improvement in function evaluation is a factor of 5. Table 1 reports
detailed results on both formulations along with runtimes corresponding to the
Second-Order Cone relaxation introduced in [29]. Note that |N | and |E| respec-
tively denote the number of nodes and edges in the underlying power network.



The largest instance has 117, 370 variables, 187, 371 constraints, 666, 023 non
zeros in the Jacobian, and 299, 384 non zeros in the Hessian matrix.

Fig. 1: Performance profile on Polar and Rectangular ACOPF (216 instances).

5.2 Learning of Ising Models

Learning the structure and the parameters of an Ising model is a typical Machine
Learning problem where data input quickly becomes problematic (the learning
relies on binary samples input). Matrices with 92 million non-zero entries appear
in the biggest instances. A comprehensive formulation of the problem can be
found in [30] and [31]. Figure 2 shows that both JuMP and Ampl crash after
a certain threshold due to memory issues. Gravity is able to scale up on all
tested instances. Since the problem has a natural parallelization procedure, a
parallel implementation in Gravity was also tested on this problem. Figure 2
also compares Gravity running with 12 threads, showing gains up to one order
of magnitude. Table 2 presents a detailed version of the results and includes
different thread configurations. Let us emphasize that Gravity is not able to
compute the Jacobian and Hessian matrices when parameters are in matrix
form. This is a feature currently under development. Nevertheless, Gravity
supports user-defined derivatives including matrices, the corresponding source
code implementation can be downloaded here.

https://github.com/Allinsights/Gravity/blob/master/examples/NLP/Ising/Ising_main.cpp


Table 1: Solver Runtime on AC Optimal Power Flow
Solver Runtime (seconds)

AC Polar AC Rect. SOC Relax.
Test Case |N | |E| JuMP NL GVT JuMP NL GVT JuMP NL GVT

Typical Operating Conditions (TYP)
pglib opf case3 lmbd 3 3 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case5 pjm 5 6 <1 <1 <1 <1 2 <1 <1 <1 <1
pglib opf case14 ieee 14 20 <1 <1 <1 <1 <1 <1 <1 <1 <1

pglib opf case24 ieee rts 24 38 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case30 as 30 41 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case30 fsr 30 41 <1 <1 <1 <1 <1 <1 <1 <1 <1

pglib opf case30 ieee 30 41 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case39 epri 39 46 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case57 ieee 57 80 <1 <1 <1 <1 <1 <1 <1 <1 <1

pglib opf case73 ieee rts 73 120 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case89 pegase 89 210 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case118 ieee 118 186 <1 <1 <1 <1 <1 <1 <1 <1 <1

pglib opf case162 ieee dtc 162 284 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case200 pserc 200 245 <1 <1 <1 <1 <1 <1 <1 <1 <1
pglib opf case240 pserc 240 448 4 2 3 2 2 2 2 2 2
pglib opf case300 ieee 300 411 <1 <1 <1 <1 <1 <1 <1 <1 <1

pglib opf case1354 pegase 1354 1991 6 2 2 2 135 2 3 86 3
pglib opf case1888 rte 1888 2531 15 5 5 32 42 3 5 6 6
pglib opf case1951 rte 1951 2596 18 6 7 7 9 6 6 6 6

pglib opf case2383wp k 2383 2896 9 3 3 4 5 3 6 6 6
pglib opf case2736sp k 2736 3504 8 3 3 3 4 3 4 5 5

pglib opf case2737sop k 2737 3506 6 3 2 3 4 2 4 4 4
pglib opf case2746wop k 2746 3514 7 3 2 3 4 2 4 4 4
pglib opf case2746wp k 2746 3514 8 3 3 3 4 2 5 5 5
pglib opf case2848 rte 2848 3776 21 7 8 6 8 6 7 8 8
pglib opf case2868 rte 2868 3808 23 7 8 7 11 10 8 9 10

pglib opf case2869 pegase 2869 4582 14 6 5 6 413 5 7 224 8
pglib opf case3012wp k 3012 3572 12 5 4 5 7 4 8 8 9
pglib opf case3120sp k 3120 3693 11 4 4 5 6 4 6 6 6
pglib opf case3375wp k 3375 4161 14 mem. 5 16 mem. 7 26 105 7
pglib opf case6468 rte 6468 9000 79 30 29 49 122 27 27 30 30
pglib opf case6470 rte 6470 9005 48 18 16 19 27 15 23 26 25
pglib opf case6495 rte 6495 9019 89 35 30 35 51 26 24 27 27
pglib opf case6515 rte 6515 9037 73 28 25 28 40 23 23 26 26

pglib opf case9241 pegase 9241 16049 64 24 19 25 1999 19 38 42 38
pglib opf case13659 pegase 13659 20467 92 41 34 69 125 37 45 248 50

References

1. Fourer, R., Gay, D.M., Kernighan, B.: Algorithms and model formulations in
mathematical programming. Springer-Verlag New York, Inc., New York, NY, USA
(1989) 150–151

2. Dunning, I., Huchette, J., Lubin, M.: Jump: A modeling language for mathematical
optimization. SIAM Review 59(2) (2017) 295–320

3. Bussieck, M.R., Meeraus, A.: General algebraic modeling system (gams). Applied
Optimization 88 (2004) 137–158

4. Bisschop, J.: AIMMS - Optimization Modeling. Lulu.com (2006)
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